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A granular medium model for liquefaction analysis of sands’
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Abstract In this paper the main achievements gained from the study on the change of sand texture during its deformation are summarized first,
and then an incrementally nonlinear model different from the existing elasto- plastic ones is presented. In the formulation of this model both the re-
versible and the irreversible deformation due to the change of mean normal stress and normalized shear stress, the turn of stress path and the rota-
tion of principal stress axis have been taken into account. The computed examples show that the proposed model can successfully simulate the soft-
ening of dense sand due to dilatancy and the undrained instability of loose sand under monotonous loading, the accumulation of residual strain and
pore pressure during repeated loading and also the liquefaction induced by the change of Lode’ s angle and the rotation of principal stress axis.
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1 Introduction”

The simulation of sand liquefaction is one of most
challenging tasks in the soil mechanics. Dozens of constitu-
tive models for this purpose have been proposed. Despite of
that among them significant contributions have been made
by some authors in the understanding of soil behavior during
cyclic loading!"™ %, but none of them can be considered as
fully satisfactory. It is the writer’ s opinion that all these
model do not totally free of the basic framework of tradi-
tional soil plasticity consisted of yield function and plastic
potential, although the hypoplastic type of model has already
postulated that the direction of plastic deformation dependent
on both the direction of total stress and the direction of stress
increment. At the same time, many experimental findings
have already highlight the mechanism of plastic deforma-

1681 "and some authors tried to take it into account in

tion
the formulation of constitutive mudellgl, but no successful
results in the modeling of soil behavior based on the under-
standing of the mechanism of plastic deformation has been
reported. In the following a macroscopic model will be sug-

gested on the basis of these microscopic findings.

2 Basic assumption

A granular medium is assumed to have following
characteristics:

(1) No bonding exist between particles and the parti-
cles are strong enough to avoid breakage;

(2) Both sliding and rolling between particles have
their contribution in the plastic deformation, and the sliding
between particles obeys Coulomb’ s friction law;

(3) An assembly of particles can be described by two
internal tensor variables —contact tensor and orientation
tensor! '

The variation of these two tensors during the process

of loading is the key point in the understanding of mecha-
nism of plastic deformation of soils. Based on the experi-
mental findings following laws for describing the change of
internal variables are postulated:

(IDensification law The spherical part of contact
tensor is characterized by the coordination number which is
proportional with the density of sand and an isotropic hard-
ening will take place during densification;

(@Homogenization law —During densification the
large pores reduce their volume first while the small pores
remain essentially unchanged, therefore the distribution of
void ratio becomes more uniform (Fig. 1), this process of-
fers an additional reason of isotropic hardening;

(BCoraxis law —The principal axis of contact ten-
sor is always coincident with the principal axis of stress
tensor ( Fig.2(c)):

@Proportion law —The deviatoric part of contact
tensor is proportional with the deviatoric part of stress ten-
sor and the degree of anisotropic hardening is proportional
with the principal stress ratio ( Fig. 2(b)):

(@rientation law —Less volume will be occupied
when the ellipsoid particles are parallelly piled up, there
fore the orientation ratio (ratio of longer axis to shorter axis
of orientation tensor) should increase during plastic defor
mation ( Fig. 3(b));

(BLimit rotation law —The axis of orientation ten-
sor is formed during the deposition of particles and can be
undergone only limit rotation to make its longer axis of
particle to be parallel with the direction of maximum shear
stress (Fig. 3(¢)).

Some consequences can be drown from these micro-
scopic laws:
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(DFailure of flow theory of plasticity Because the
rolling of particles is determined by the stress increment
and the sliding only obeys the flow law, the direction of
plastic strain increment must be dependent upon both the
direction of total stress and the direction of stress incre-
ment, as shown in Fig. 4;

(Reversibility of dilatant strain —Dilation is asso-
ciated with positive angle of contact relative to shear direc-
tion and the amount of positively oriented contacts increases
with the increase of principal stress ratio, but once the
shear direction is reversed the original positively oriented
contacts change to be negatively oriented and a negative di-
latancy takes place (Fig. 5);

(BMechanism of isotropic hardening —Hardening is
the result of increase of number of contacts. Densification
means the increase of contact number in all direction and
causes an isotropic hardening, it is an irrecoverable process
according to the second law of thermodynamics when soil
is under confined condition. Of cause dilation can induce
some amount of softening, but it is only a temporary phe-
nomena due to the reversibility of dilatant strain;

(@M echanism of anisotropic hardening
ic hardening happens only in the direction perpendicular to
the major principal stress, while in the direction perpendic-
ular to the minor principal axis, the contact number de-
creases. The conditions of loss of contact to cause
anisotropic hardening under 3 different types of loading can
be explained through the three-particle model as shown in
Fig. 6, where symbol / means the loss of a contact and M
is the angle of surface friction between particles.
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(a)Stress increments
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(c) Composed strain increments

Fig. 4 Plastic deformation due to particle rolling and sliding
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Fig. 6 Three particle model
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3 Formulation of constitutive equations
3.1 Initial loading

The proposed model will be formulated based on fol-
lowing relationships:

(DLogarithmic function for compression under con-
stant T1

e= eo- cl.lg;}; (1)
@Hyperbolic function for shearing under constant p
&= 1_, (2)
(BLinear function for dilatancy
A&y L .
QQ[I - A’( rll_ TU (3)
In above-mentioned equations.r = TWI. N =
1|] o= g2 0, o2 I ERE
Jol | o+ o o+ ol T o+ o T =

sin® p = _:]5_(0|+ O+ G, &= + &+ §, &=

J—Ji[(&— &)+ (&- &)*+ (&- &)°"% rcan be

named as mobilization ratio and Tl is normalized shear
stress. Aand Ty are 2 constants. ¢. and a are functions of
void ratio or volumetric strain. The Tl = const. curves in

the deviatoric plane are shown in Fig. 7.
)

@ »

Fig.7 Failure criterion in 7 plane
From Eq. (1) the increments of volumetric and shear
deformation due to compression will be respectively as fol-
lows

Age= C. *ffl (4a)
RN
AE. = ¢ 4}
e= Gy (4b)
0.434c, 1- Ky
where C. = < , = is N value under one-
1+ ep 1+ Ky

dimensional compression, K is coefficient of earth pressure
at rest, because in this case A& = A&= 0, A§ = AE=
A€ . If Tis a linear function of volumetric strain as
= Tho+ ¢ & (S5)
then from Eas. (2) and (5)
—a
AEg = Ar —
&a (1- r )2( r
or after substitution of Eq. (3)
a(My— 1)
A&q=
X
a
g

cor 08,
T e ne) (6

Ar (7a)

AE&g= " Ar (7h)

where Ar = ATV Thand

g= (1-r)*+ Cr?}cﬂ% (8)
When r ~ land N 2T, g may become negative, there-
fore a strain softening can be simulated. The total incre-
ment of volumetric deformation and total increment of shear
deformation will be as follows respectively

re = ¢ e, o=V (9a)
p X
_ DA, a .
AE = C,.n“p +gAr (9b)
P, P p, P
eo —

Fig.8 Turn of stress path in compression

3.2 Complex loading

(1) Separation of elastic and plastic deformation

Experimental results show that even within small
strain range (< 107 ), the stress strain curve is still non-
linear. Therefore, if there exist elastic deformation, it must
be negligibly small. However, according to the theory of
dual origination of plastic deformation, some amount of
plastic deformation originated from particle rolling have
similar behavior as elastic deformation, and hereafter will
be called as quasielastic deformation. In addition, as
mentioned before, the dilatant part of volumetric deforma-
tion is recoverable. and can be also regarded as a kind of
quasrelastic deformation. If ¢, is swelling index as usually
used, the quasi-elastic part and plastic part of volumetric
strain can be written separately as follows

AE = c_‘ﬁ”- ﬂ}f” (10a)
A= (Com ) By LUy (10b)
p X
here €. < 2434e,
1+ en

The corresponding quasr-elastic and plastic component
of deviatoric deformation will be

AE = c,ﬁn'm+w‘LAr (1la)

) P g
 _ A @ )
A= (Co= €y P (1 u)gAr(ll])

where w is a weight function of quasr-elastic deformation a-
mong the total deformation due to shearing. It can be as
sumed that the part of shear deformatioﬂ originated from
particle sliding increases rapidly when T~ T, but the an-
other part originated from particle rolling does not. There-

fore we can assume w = g, and Eqs. (11a) and ( 11b)
can be rewritten as
AE = C_\-r_]r.}ffl+ a Ar (12a)

AE = (Com C.) ﬁr}ﬁh a?m (12b)
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(2) Turn of stress path

The above-derived equation is applicable only for ini-
tial loading. For the case of turn of stress path following e~
quations for plastic volumetric and deviatoric deformation
can be suggested

A= (Com Cy Pty

br D X (13a)
o _rlp_Ap. .I_g_
A= (C.- C,) N prop Ar' (13b)
where Ar” = AN /1| and
% " - 1
= (1-r )%+ "fﬂr}_ﬂT (14)
=1l p-pl (15)
pr= pu-— sign(p— pJ)p. (16)

J— 2Mcos(P- Q)+ T+ rLcos_a (17)
2
M= J- 20 Ncos(P- P)+ T+ TL(:os_za (18)

In aforegoing equations p, and T\ are values of p and T at
the turning point, py is the maximum pressure in the load-
ing history (Fig. 8), §is the turning angle, 2 @ and (are

Lode’” s angles of present stress, stress at turning point and
stress at failure state respectively(Fig. 9(a)). The late one
is determined by solving following equation

PR= P+ 6- ar(:sin(%sin 5) (19)
From Eq. (17)

AT = C,AN+ C,AP (20)
where C, = [N— Tcos( P- Q)]/T: C, = Misin( P-

P)/N, and N = an_ 2Mcos( P- R)+ . Egs
(17) and (20) satisfy following conditions
for initial loading
§= 0%, P- Q=0 N = nal = AN
for unloading and repeated loading
5= 180°. P- A= 0: M = N- N AN =] ANl
5= 180°, P- A= 180: M = N+ M AT = AN
In the case of continuously rotating stress path under con-
stant L 6= 90°, P= @, then

N = Tcosds (17a)

All= T AP (20a)

In the above-mentioned formulation no unloading criterion
has been introduced. But some thing like unloading takes
place when tumlng ang]e of stress path § = 180", because

in this casep = 0, N = 0,andr" = 0, therefore A€
= 0,and in Eq. (13a) only the second term remains, i. e.
AE = %Ar* (21)

if the term containing ¢rin Eq. ( 14) is neglected . Because
AT is always positive, the volumetric contraction can take
place at stress reverse accompanying with quasrelastic de-
formation.

(3) Isotropic hardening

To take account of isotropic hardening during repeated
loading, c.and a are assumed to be two variables as fol-
lows

ce= cyoexp(— b* €) (22a)
a= aoexp(- d* E (22h)
where € = jl d& | is the accumulated value of shear

strain, it is taken as a measure of void ratio homogeniza-
tion. c¢u, @o. b and d are 4 constants.

/
. 77 =const /
~N o -~

n=1¢

(a) &=60" (b) & =180"

Fig. 9 Rotation of stress path in T plane

Fig. 10 Anisotropic shear strength

(4) Rotation of principal stress axis

Fig.6( c¢) clearly explains the mechanism of plastic
deformation induced by rotation of stress axis. Now we
should find an expression similar to Eq. (20a) .
ognize that the effect of rotation of stress axis in 90° is e-
quivalent to the change of stress state from compression test
to extension test with increase of Lode’ s angle in 60° ,
then the following expression can be postulated for a rota
tion of stress axis Ad

If we rec

A = %HAG (23)
However, there must be another mechanism for real soils
due to their anisotropic nature gained from particle orienta
tion. Therefore the assumption of constant Ty until now
used must be abandoned. From experimental results of
many authors''"!, following expression for the variation of

T with the change of principal axis will be adopted

T (Mt M)+ 5 (T Thjcosa (24)

where Ty is the maximum value of Ty when a = (°, i. e.
0; axis coincides with the direction of deposition, T, is its
minimum value when O axis rotates around 90° ( Fig. 10) .
From Eqgs. (23) and (24) the expression for increment of r
will be

At = ;Ilr:(cl,l Aal+ C; {Aa)) (25)

where C, = 2TV 3 and

o Ty - Ty
C, = o sinda (26)
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This equation suggests that the rotation of stress in any
direction may induce plastic deformation accompanying
with the change of contact tensor, but the Macauley sym-
bol { ) means that plastic deformation due to change of
orientation tensor can take place only when a increases
from 0° to 90°. However. for quasrelastic deformation
both positive and negative value of Aamust be taken into
account, and Eqs. (25) and (26) can be rewritten as

= Loans ¢oaq) (25a)

ah

where
C.= 20, sina

3.3 Final expressions

(1) Direction of strain increment

As mentioned above the quasi-elastic component of
strain can be described by deformation theory of plasticity,
the direction of its increment can be assumed as parallel to
the direction of stress increment AS;/ Ag , where S is de-

(26a)

viatoric component of stress tensor, Ag =

f—znm -

AG)*+ (A% — ATy 4+ (AG3— AG)* V2.

form Egs. (10a) and (25a)

A€ = Cﬁm- if(am CoA)
il .Ap. a
I'b
The flow theory of plasticity “111 be used to desm ibe the
remaining part of strain, i.e. its direction is parallel with
the direction of normal of potential function T = const.
The corresponding equations will be

Therefore,

(27a)

Aej = [C, (Arl+ C.Aq)] &(27’}))

A& = (C.— C P—A‘L —l_ ¢ an
&= ( y )g rlr( +
C, AP+ c],l Aal+ C, {(Aq)) (28a)
) : _rlp_.Ap .I_g_
(- _
fey = [(Cem ) p g
(C. AN+ C AP+ Cy | Aal+
. 1 01
C, {(aq))] N 35, (28b)
where N = [gfl g;rl]'“
(2) Final expressions for strain increment
4

Because AE = 3 A& § + Aej, § is unit tensor,

summarizing the afore going equations yields
Ag = Cyju A% (29)

where

C;_','}.—,f= AI{%}?‘;_;_ Azq, _gall— AzC.-ﬁj_a%:;+

Op oo 00 a da
i 9a, " rh”’gaq n 00

Ajaj _3%4- chdaj acm+

34 Cinj

da

A4c.c§j§£+ Ay(Cy+ Cr ) § dq, "

I TR « 01
345 nmpmnq + AsCyunj aO}H+

AsCinj 'aa?.%‘f As(Cp+ C; )nj %‘t (30)
where A= CJ/3p; A= ar/ l;Az= (C— C.)/3p;
Ag= arlp’?))grf ;As= a(l- g* )/g* rlr and nj =
ASj/ Aqiny = ON /0S; . Eq. (30) shows clearly 4
mechanisms of deformation, 1. e. @compression Np o, @
shearing ATl, (3 change of Lode’ s angle APand @rota-
tion of stress axis Ad .

(3) Final expression for stress increment
Eq. (27) can be written shortly as

N S e _ 1 ,q.
AE = 3K&p, Aej = 26&,5,1 (31)
where
1 € g AN+ CAa
K~ p Xk o

1. ¢ a AN+ C.Aa
26~ phy i’; T Aq
K and G are bulk and shear modules in conventional mean,
but they are apparently dependent on stress path. Then the
inverse form of Eq. (31) will be
AG = Dy ' A€ (33)
Now Eq. (28) is shortly expressed by
AE!,} = 45';;-; AGy (34)
We can get final expression by substituting A€ = A -
A€ into Eq. (33)
AG = (Ljmn+ DijpuClim)” Dot MGt (35)

where /j;; is unit tensor of fourth order.

(32)

(4) Expression for pore pressure
Under undrained condition, A€ = A&+ A€ = 0,

the pore pressure rise will be Au = - Ap , and from Eqs.
(27a) and (28a) we can obtain
K,
Au = B A€y (36)
where
Cc— Cip™
B= 1+ C. pr (37)
A€y = _nd_{C AT+ C, AP+ Cpl Aal+
X
all
C, (Aa)) - )g‘l-( AN+ C.Aq) (38)
is the volumetric strain due to dilatancy, and
-
Ki= ¢ (39)

is rebound bulk modules as usually meaning.

4 Performance of model

To confirm the ability of the proposed model to simu-
late the deformation behavior under various loading condi-
tions, a series of computed examples is presented in the
following. In these computations following set of model
constant derived from the conventional odometer test and
triaxial compression test conducted on Fujian sand samples
prepared with relative density of 50% is used: ¢y =
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0.0048, ¢, = 0. 0086, agp = 0.0023, A= 0.6, T =
0.45, Ty= 0.62. Another 3 constants b = 1.0, d = 2.0
and ¢y = 1. 5 are tentatively presumed. However, for a
more dense sand Ty = 0. 37 and T = 0. 70 are assumed,
and for a much more loose sand another pair of constants
Ny = 0.65 and Ty = 0. 58 1s adopted.
4.1 Monotonous loading

For the case of conventional drained triaxial compres
sion test the computed stress— strain curves for samples
with different density are shown in Fig. 11. It can be seen
that the strain softening behavior for medium and dense
sand is properly simulated. Fig. 12 shows the correspond-
ing curves under undrained state. In this case instead of
volumetric strain the pore pressure build-up and the insta-
bility phenomenon with nearly complete liquefaction for
loose sand are captured. but for medium sand after a flat
section a rapid increase of deviatoric stress happens accom=
panying with decrease of pore pressure. Therefore the pro-
posed model can properly simulate the drained and
undrained behaviors of sands with different density by re-
vising only two parameters T and T .

800 1 a

7y = 200kPa
600
ﬂx:
=
—
< 400
I
s
200 7a Iy
0.37 0.70
0.45 0.65
0.58 0.58
(’ 1 1
£ (2 en/%
< 2L
Fig. 11 Drained triaxial test
- O3 = 200kPa
«~ 400
E Ty
5 65
Y 58
s 200 58
0
o
=1
=
= \~__________ -
200 L <

Fig. 12 Undrained triaxial test
4.2 Repeated loading

The computed results of one-dimensional repeated
loading is shown in Fig. 13. Loops of stress— strain curves
and accumulation of residual volumetric strain accompany-
ing with gradual increase of lateral stress are fairly cap-
tured. The tendency of increase of volumetric strain and
lateral stress will slow down more rapidly if larger values of

model parameters b and d are used. In Fig. 14 one-way re-
peated triaxial compression test is simulated. The process
of accumulation of axial strain and volumetric strain is also
well reproduced. Finally, the conventional undrained
cyclic triaxial test is simulated as shown in Fig. 15. The
rapid increase of pore pressure at the stress reverse when Tl
> Tis quite apparent.

200 [
i‘?
= 100 [
Sy

] 1 1 1 1 L 1 n 1
100 200 300 400
- oy /kPa

0.4 |
:"?
T 0.8 |

1.2

Fig. 13 Repeated one dimensional compression

o a3 = 200kPa
% 100 |
S N
l_
= 200}
0 L L /. 1 ']
. 1.0 2.0, e
=. 0. H
iy
1.0L
Fig. 14  Repeated drained triaxial test

Fig. 15 Undrained cyclic triaxial test

4.3 Rotatina stress path

Fig. 16 shows the simulated results of sand response to
rotating stress path under constant Tland drained condition.
The vectors of strain increment clearly indicate their depen-
dence on both the direction of total stress and the direction
of stress increment. Fig. 17 shows the stepr wis_e; increase of
volumetric strain because Tincreases when @ 0 and de-
creases when G - G; .
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Fig. 16  Circular stress path in T plane
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Fig. 17 Accumulations of strains under circular stress path

4.4 Rotation of principal stress axes

Now different values of T will be used, i.e. Ty =
0.62 and T, = 0. 52. Fig. 18 shows the results of simula-
tion of rotation of principal stress axes. The pore pressure
increases rapidly in first two cycles of rotation and then the
fluctuation of nore pressure become more and more evident
because stress ratio r increases when a increases from 0° to
90° and decreases when a changes oppositely.

Some experimental results which are aimed to be sim-
ulated can be found in references| 12~ 14].

200
160
=
o
S
& 120
@
1771
[«%]
B,
S 80 | o =200 9y =300 9z =250
I-é. A %(oy —Ox) ,Txy: +50kPa
40 |
o 2 4 6 8 10

cycles of rotation

Fig. 18 Pore pressure buildup during stress axis rotation

5 Conclusions

(1) The model proposed in this paper is based on the
understanding of mechanism of deformation behavior of
granular material.

(2) Instead of using concept of yield function and
plastic potential function which constitutes the main frame-
work of classic theory of plasticity the proposed model as
sume the dependence of plastic strain upon the increment of
stress tensor and the volumetric dilatancy is taken as recov-
erable deformation.

(3) The main constants entered in the model can be
determined from conventional odometer test and triaxial
compression lest.

(4) The computed examples show that the proposed
model can successfully simulate both drained and undrained
responses of sand samples with different density under
monotonous and complex loading, such as repeated and
cyclic loading, turn of stress path and the rotation of prin-
cipal stress axes.
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