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Abstract The numerical methods for calculating the natural frequencies and the mode shapes of the tapered piles embedded partially in the elastic

foundations are developed. The ordinary differential equation governing the free vibrations of such piles are derived, in which the effect of axial

load is considered. The Runge— Kutta method and the determinant search method combined with the Regula— Falsi method are used for integrating

the differential equation and determining the eigenvalues( natural frequencies) , respectively.
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1 Introduction’

Since piles are used often to support the superstruc-
tures which are frequently subjected to the dynamic load-
ings, it is very important to analysis the free vibrations of
piles embedded partially or fully in the elastic foundations.
The problem of free vibrations of beams/ piles resting on
the elastic foundations has been investigated by many re-
searchers! '™ 4.

In the analysis of foundation problems, it is very dif-
ficult to model the foundation behavior mathematically due
to the complexity of foundation properties. In the past
decades several models of elastic foundations had been de-
veloped such as Winkler model, Pasternak model, Filo=
nenko~ Borodich model and etc. In this study, the Winkler
model, under which the elastic foundation is depicted as a
larce number of closelv spaced translational sorines. is
adopted as the foundation model.

The main purpose of this paper is to investigate the
free vibrations of piles embedded partially in the elastic
foundations. The differential equation goveming the free
vibration of such piles is derived, in which the effects of
not only taper of piles but also axial load on natural fre-
quencies are included. This equation subjected to its
boundary conditions is solved numerically for calculating
the natural frequencies and the corresponding mode shapes.
The Runge— Kutta method is used for integrating the dif-
ferential equation, and the determinant search method com-
bined with the Regula— Falsi method is used for obtaining
the natural frequencies. In the numerical examples, the two
lowest frequencies are calculated for clamped-clamped,

clamped-hinged and clamped-free end constraints with the
various system parameters: embedded length, foundation
modulus, section ratio and axial load. Also typical mode
shapes of vibrating piles are presented.

2 Mathematical model

The symbols and load of a tapered pile are defined in
Figure 1( a), which is embedded partially in an elastic
foundation. The embedded end is clamped and the other is
clamped or hinged or free. Its span length and embedded
length are [ and d. , respectively. The axial load is depict-
ed as P, in which the compressive load is positive. The
width, area and area moment of inertia of cross section of
tapered pile at any distance x with its origin at the embed-
ded end are depicted as d, A and I , respectively. The val-
ues of d, Aand I at the end a( x = 0) are depicted as d,,
A, and I, , respectively. Also the value I at the end b( x =
1) is expressed as [y, . The foundation modulus which is
defined as the load per unit area required to produce unit
displacement of the foundation is depicted as K . Figure 1
(b) shows the typical mode shape of a vibrating pile, in
which w is the relative amplitude in free vibration. In this
figure, it is noted that the term of ¢(= Kdw ) at distance x
is the restoring force per unit pile length due to the elastic
foundation.

The partial differential equation governing the free vi-
bration of tapered beam element resting on an elastic foun-
dation with an axial force is given by Timoshenko et al. (51
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and from this equation, the ordinary differential equation is
obtained as follows.
Eh'"" + 2B + (EI'" + P)uw”

- PFAw + Kdw = 0 (1)
where (’ )= d/dx, Eis Y()urlg! s modulus, Pis mass den-
sity of beam material and © is angular frequency.
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Fig.1 (a) The symbols of pile embedded partially in
an elastic foundation with shear layer and
(b) its typical mode shape
Now consider the variable width d , variable area A
and variable area moment of inertia of cross section / of ta-
pered pile at any distance x . Many taper types for the piles
are available in the foundation engineering. In this study,
the linear tapers whose first order dimension of cross sec
tion varies with linear functional fashion are chosen as the
taper types of piles. The d, A and I of such tapers at dis-
tance x given by Kuptal® are as follows .

d=dJJ1+ (X- 1)x/1] (2)
A=A+ (X" 1)x/1]" (3)
I=101+ (N"= 1)x/1]" (4)

in which Ais section ratio defined by a ratio of Iy, to 1, ,
that is

A= I/, (5)
Also in equations (2) ~ (4), the constant values e, m and
n can be determined when the cross sectional shapes of lin-
early tapered piles are given. In this study, the linear taper
with the solid circular cross section is chosen, which is fre-
quently called as the cone type pile. For this taper, the
corresponding e, m and n values are obtained by simple
mathematical calculations as follows.

e= 1/4 (6a)
m= 2 (6b)
n= 4 (6¢)

It is recalled that the values of e, m and n for another taper
can be obtained easily if the cross sectional shapes for lin-
ear taper are ,g.r,iV.fenln’r|

The following equations are obtained by differentiating
equation (4) once and twice.

I'= n(N"= DU'L[1+ (XM= Dx/1"™" ()

"= n(n= (N "= 1)’ 1+ (NV"= 1)x/1]" 3

(8)

To facilitate the numerical studies and to obtain the

most general results for this class of problem, the following
non-dimensional system variables are defined.

&=/l (9)
n=uw/l (10)
a= da/l (11)
W= Kd, Y (TEl,) (12)
p = PI*/( TPEl,) (13)

When equations (2) ~ (4), (7) and (8) are substi-
tuted into equation ( 1) and the norrdimensional forms of
equations (9) ~ (13) are used, the result is
2n( AV ) i ‘ nln-— [}()\V"— 12

nv = — 1+ (A’];’n_ I(E_, [l+ (N/"_ |)Qz +
]‘[2!.‘ ii 2 IVn \ (m—n)

[l+ (Nfﬂ_ l)g"rl +|C![1+ (A’ - l)lE-J -

U e (X 115;’

[l+ (A.”"— Ijan rL l'l: OfOf' §> a (14)

where ()= d/d&and the ith frequency parameter ¢; is de-
fined as follows. It is noted that since the pile is not em-
bedded for &> a the corresnonding M is zero in eauation
(14).
c= QP QJEL) i= 1,23 .. (15)
Now the boundary conditions are considered. For the
clamped end placed at x = O orx = [, both the amplitude
w41, and the rotation 0, (= w,, ) are zero and those
non- dimensional forms are as follows.

N= 0at &= Oor &= 1 (16a)

M= 0at &= Oor &= 1 (16b)

For the hinged end placed at x = [, both the amplitude

wy, and the bending moment M,( = — Elw), ) are zero and
those nomdimensional forms are as follows.

N= 0a &= 1 (17a)

M= O0at &= 1 (17b)

Finally for the free end placed atx = [, the bending
moment M}, is zero and the shear force V,,(= M}, ) is Pw),
. and those nomrdimensional forms are as follows.

M= Qat &= 1 (18a)
Ny WpX'M= Oat &= 1 (18b)

In the aforementioned theoretical analysis, the ordi-
nary differential equation governing the free vibration of
linearly tapered piles embedded partially in the elastic foun-
dation and subjected to the axial load, and the boundary
conditions are derived as the non-dimensional forms.

3 Numerical method and validation

Based on the above analysis, a general FORTRAN 77
computer program is written to calculate the frequency pa-
rameters ¢; and the corresponding mode shapes ( & 1) for
given geometries of piles i. e. embedded length parameter
a, foundation parameter H, section ratio A, end con-
straint and load parameter p . The Runge— Kutta method is
used for integrating the differential equation, and the deter
minant search method combined with the Regula - Falsi
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method is used for obtaining the eigenvalues( frequency pa-
rameters ¢; ). The algorithm developed herein to solve the
differential equation has two convergence criteria. For the
sake of completeness, this algorithm is summarized as fol
lows.

(1) Specify geometry of pile: a, H A, end con-
straint and p .

(2) According to the specified end constraint, set two
homogeneous boundary conditions at &= 0 which are e
quations ( 16a) and ( 16b) .

(3) Consider fourth order system, equation (14), as
two initial value problems whose initial values are two ho-
mogeneous boundary conditions at & = 0, as chosen in
above step. And assume a trial frequency parameter ¢; in
which the first trial value is zero.

(4) Using the Runge— Kutta method, integrate equa-
tion (14) from &= 0to &= 1. Perform two separate inte-
grations, one for each of two chosen boundary conditions.

(5) From the Runge— Kutta solutions, evaluate the
determinant D of the coefficient matrix at &= 1 for the
chosen set of two homogeneous boundary conditions. If D
= (, then the trial value of ¢; is an eigenvalue. The first
convergence criterion 1s

| DI Stol (19)
where to 1; is a tolerance. When the first convergence crite-
rion is met, terminate the calculations, and print ¢; and( g
n).

(6) If equation (19) is not satisfied, then increase c;
and repeat steps (4) and (5). Note the sign of D in each
iteration. If D changes the sign between two consecutive
trials of c,and ¢, , then the eigenvalue lies between these
last two trials.

(7) Using the Regula— Falsi method, compute the
advanced trial of ¢, based on two previous values of ¢, and
cp, as follows, and repeat calculations.
eyl Dyl+ el Dy

| D1+ 1 Dy
where D, and Dy, are the corresponding values of D at ¢, and

(20)

Ce =

Ch -
(8) Second convergence criterion is
ﬁ“;fci <toh (21)
where tol, is a tolerance and ¢ is the ¢; value which satis
fies D . % Dg< 0. When this criterion is met, terminate the
calculations and print ¢; and ( & T).

For the studies, suitable convergence of solutions are
obtained for a step size AE = 1/200 with tol;= 1x 107"
and tob=1x 10” ® in the Runge— Kutta method.

In the numerical examples of this study, two lowest
frequency parameters ¢; for the three end constraints of
clamped-clamped( cc) , clamped-hinged( ch) and clamped-
free( cf) with the solid circular cross section( e = 1/4, m
=2 and n = 4) are calculated for given geometries of
piles.

For comparison purpose, finite element solutions
based on the commercial package SAP 90 are used to com-

pute ¢; for case with a= 0.7,H= 50.0, == 1.5, and p =
0. All the results computed by this study and SAP 90 are
compared in Table 1. These results show that the frequency
parameters ¢; of this study quite agree with those of SAP
90, and such comparisons serve to validate both the theory
and numerical method developed herein.

Table 1 Comparisons of ¢,” between this study and SAP 90

3 [
vu::l]:'(e:inl this SAP error® this SAP error®
sludy 90 ! % study 90 /%
Ce 67.35 67.24 0.16 83.44 83.43 0.01
c 52.79 52.69 0.19 79.78 79.78 0.00
Cf 15.08 15.06 0.13 66.20  66.20 0.30

@Da= 0.7 U= 50.0, A= L.5p=0 e= I/4 m= 2 n= 4
@hrror(%) = (| i phissudy) = €5 sapo0y | /¢, sapony) % 100

4 Numerical results and discussion

The results shown in Figures 2~ 6, all for the solid
circular cross sections with three end constraints, depict the
variations of ¢;(i= 1,2) with @, K, Aand p , respective-
ly. In Figure 2, H= 50.0, A= 1.5, andp = 0 and the

c¢; always increases as the embedded length parameter a in-

creases .
160 —
1 u#=50.0, A=1.5, p=0, e=1/4,
1404 m=2, n=4
7] c¢lamped—clamped
1204 —— clamped-hinged
1 ———- clamped—frece
4 #=1,2 from bottom Lo top
100
80
[ty u
60
40
20 3
L] L ) ’ L L I L L l LB I LB
0 0.2 0.4 0.6 0.8 1.0
a

Fig.2 ¢, versus a curves

Figure 3 shows the relationships between ¢; and H for
a= 0.7, A= L 5andp = 0. The trend is as expected all
¢; increase as the foundation parameter H increases. Partic
ularly the increasing rate of ¢; for clamped-free end con-
straint is very small when H is greater than about 20 and
therefore the frequency parameter ¢ approaches a horizontal
asymptote.

Shown in Figure 4 are the ¢; versus Acurves with a=
0.7, H= 50.0and p = 0.1t is noted that several ¢; curves
reach highest or lowest points as the section ratio Aincreas
es. All increasing rates of ¢; are very small when A\ is
greater than about 0. 5. In case of clamped-free end con-
straint, it is noted that the effects of Aon ¢; is negligible
practically.
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(60 Figure 5 depicts the relationships between ¢; and p for
1 e¢=0.7, i=1.5, p=0, e=1/1, a= 0.7, B=50.0and A= 1.5. In this figure, it is re-
1403 s = called that the compressive load is positive. The trend is as
- " clamped—clamped expected: all ¢; decrease as the load parameter p increases.
. — clamped-hinged When the ¢; vanishes, the pile buckles at the corresponding
120 - ——-—- clamped-free p value marked by m on the p axis. After buckling of
4 i=1,2 from bottom to top piles, the second frequency parameters ¢ are meaningless,
100 — which are not presented in this figure. It is concluded that
- from this figure, the p values marked by m are the buckling
80 — load parameters of the piles whose geometries are given as
] the legends at the top of this figure.
60 160 ]
= 1 a@=0.7, u=50.0, A=1.5, e=1/4
10 110 m=2, n=4
. . clamped—c lamped
90 - . —— — clamped-hinged
20 ] 1207 — — —- clamped—free
] . i=1,2 from bottom to top
0
Fig.3 ¢; versus H curves <
160 —
4 @=0.7, »=50.0, p=0, e=1/4
140 4 m=2, n=4
] clamped—-clamped
1204 —— clamped-hinged
] — ——=- clamped-frece
1 i=1,2 from bottom to top ] . \
IOO_ 0 T 1 17 ‘ {*I T ' LI B B | I.- LI l T r
= -5 0 5 10 15 20
80 === < - _ ] p
< .
4 ————————— Fig.5 ¢; versusp curves
60 —fk ' . : G
o U 'he typical mode shapes of the vibrating piles com-
1~ puted herein are shown in Figure 6, based on a= 0.7, H
10 — = 50.0, A= L.5and p = 1. In these mode shapes, the
. nodal points are marked by m, whose relative transverse
20 ] amplitudes are zero. To increase the natural frequencies,
i e bbb the axis of pile should be restrained usually by the struts.
] For example of clamped-clamped end constraint, if a strut
AL BN DU DU N is placed at &= 0. 55 marked by = which is a nodal point
0.5 1;10 1.5 2.0 of the second mode, the value of ¢ is increased from 66. 4
to 85. 4 since the first mode is impossible due to its trans
Fig.4 ¢; versus \curves verse restraint.
1.0 ] 1.0 . 1.0 .
] ] : " ep=62.1
0.8 . 0.8 0.8
N S ¢y =85.4 ] ]
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] p=tl0 . o0
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Fig. 6 Example of mode shapes
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5 Concluding remarks

The numerical methods are developed for calculating
the natural frequencies and the mode shapes of tapered piles
which are partially embedded in the elastic foundations.
The ordinary differential equation governing the free vibra-
tions of such piles is derived, in which the effects of taper
types and the axial forces on the natural frequencies are in-
cluded. This equation subjected to the boundary conditions
is solved numerically. The numerical results obtained by
this study and the commercial package SAP 90 are agreed
quite well with each other.

The present numerical methods are found to be effi-
cient, accurate, and highly versatile in the practical ranges
of system parameters: embedded length parameter a,
foundation parameter M, section ratio A, and load param-
eter p . Since the frequency parameters with the corre-
sponding mode shapes, in which each of these system pa-
rameters can be considered in separate or in combination,
may be calculated, it is expected that the numerical meth-
ods developed herein should be used practically in the foun-
dation engineering fields.
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